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The theory of recording and reproduction of three-dimensional sound fields based on
spherical harmonics is reviewed and extended. Free-field, sphere, and general recording
arrays are reviewed, and the mode-matching and simple source approaches to sound repro-
duction in anechoic environments are discussed. Both methods avoid the need for both
monopole and dipole loudspeakers—as required by the Kirchhoff–Helmholtz integral. An
error analysis is presented and simulation examples are given. It is also shown that the theory
can be extended to sound reproduction in reverberant environments.

0 INTRODUCTION

Surround sound systems offer the potential for immer-
sive sound field reproduction without requiring informa-
tion about listener orientation or head shape. The sound
field is reconstructed over a finite region of space, and a
listener positioned in this region may in principle experi-
ence the original sound field, including diffraction around
the head.

The theory of two-dimensional (2D) sound systems has
received much attention, and a common implementation is
the Ambisonics system [1]–[16]. For regularly spaced cir-
cular arrays, well-known panning functions may be de-
rived by assuming an incident plane wave and applying a
mode-matching procedure to determine the required loud-
speaker weights as a function of the angle of incidence [2],
[3], [5]. These functions are optimum at low frequencies,
but at high frequencies reproduction is inaccurate. Further-
more, for irregular arrays the theoretical panning functions
can produce large amplitudes, which are likely to be sen-
sitive to amplitude and phase mismatches [5]. For both
regular and irregular arrays, subjectively optimized pan-
ning functions are often derived, which have reduced am-
plitudes and which reduce subjective anomalies and sen-
sitivity to errors [15], [16].

The theory of three-dimensional (3D) sound field re-
cording and reproduction is receiving increasing attention
due to the potential it offers for more accurate reconstruc-
tion than can be achieved with 2D systems, including

height information. There are several approaches to the
problem. The Kirchhoff–Helmholtz integral shows that re-
production is possible inside a region if the pressure and
normal velocity are known on the surface of the region
[17]. This is the basis for the wave field synthesis (WFS)
approach [18]–[26]. In practice simplifications are pos-
sible; for example, monopole sources are sufficient, and
only those transducers in the direction of the sound source
are required [9], [12], [13]. Wave field synthesis has also
been applied to sound field synthesis in a half-space [19],
[21] and is often applied to reproduction over large areas,
and so is more general than the reproduction of localized
sound fields considered here.

A second approach is the inverse method, in which an
inverse matrix is derived for a given geometry of loud-
speakers and receiver positions, which allows the creation
of the required sound pressure at a set of discrete points
[27]–[31]. This method also includes crosstalk cancella-
tion systems as a specific case. The third approach is the
3D Ambisonics approach, which is based on a spherical
harmonic decomposition of the sound field [7]–[15].

This paper reviews and extends the theory of 3D sound
systems based on spherical harmonics. The spherical har-
monic/Bessel and Kirchhoff–Helmholtz descriptions of
sound fields are introduced, and their equivalence for
spherically bounded regions of space is demonstrated.
Three methods of sound field recording are briefly con-
sidered: free-space directional microphone arrays, pres-
sure microphones mounted in a sphere, and free-space
arrays with variable radii. Methods for sound reproduction
in anechoic environments are then considered. The mode-
matching approach is described, and then the simple
source method introduced, which demonstrates formally
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that sound fields may be recreated without requiring the
use of dipole loudspeakers. The error performance of both
methods is considered, means of controlling the error are
described, and examples of sound field synthesis with each
approach are given. Finally it is shown that the mode-
matching approach can be extended to reproduction in
reverberant environments with nonideal loudspeakers.

1 DESCRIPTION OF 3D SOUND FIELDS

A 3D sound field in the region of a point in space (taken
to be the origin from here on) may be described in several
ways. The Kirchhoff–Helmholtz integral is the mathemati-
cal form of Huyghen’s principle. Alternatively, the sound
field may be expanded in a Taylor series [32], [33] or a
series of cylindrical or spherical coordinate eigenfunctions
with corresponding cylindrical or spherical Bessel radial
functions [17]. Dickens and Kennedy have shown that for
solutions to the wave equation, the Taylor series expansion
is equivalent to the spherical expansion, but less compact
[32]. The cylindrical expansion—while a useful basis for
a description of 2D systems [9], [12], [13], [23]—is less
applicable to the 3D case as it involves infinite integrals
over z [17]. We therefore consider only the spherical har-
monic/Bessel and Kirchhoff–Helmholtz descriptions.

1.1 Spherical Harmonics/Spherical
Bessel Description

In spherical coordinates (r, �, �) the solution to the
wave equation may be written in terms of spherical Bessel
functions and spherical harmonics [17]. For the interior
case, where all sources lie outside the region of interest,
the spatial variation of the sound field at a spatial fre-
quency k � �/c, with c being the speed of sound, may be
expressed as

p�r, �, �, k� = �
n=0

�

�
m=−n

n

An
m�k� jn�kr� Yn

m��, �� (1)

where jn(x) is the spherical Bessel function of the first kind
[34], and the spherical harmonics are defined as [17], [35]

Yn
m��, �� =��2n + 1�

4�

�n − |m|�!
�n + |m|�! Pn

|m|�cos �� eim� (2)

where Pn
m(�) is the associated Legendre function [17], [35]

and i � √−1. Each spherical harmonic is the scaled prod-
uct of an elevation term Pn

m(cos �) and an azimuthal term
exp(im�). The real and imaginary parts of Yn

m produce
functions with cos(m�) and sin(m�) azimuthal responses,
which occur in 2D Ambisonics theory.

An important feature of this expansion is that for small
kr, that is, for low frequencies or small distances from the
origin, the summation in n may be truncated to a finite
value N with little error, because only the low-order
spherical Bessel functions have significant values for
small kr. The pressure is then accurately represented by a
total of (N + 1)2 terms.

For the exterior case, where all sources lie within a
region of space, the solution to the wave equation outside
that region can be written as

p�r, �, �, k� = �
n=0

�

�
m=−n

n

Bn
m�k� hn�kr� Yn

m��, �� (3)

where hn(kr) is the spherical Hankel function,

hn�kr� = jn�kr� + iyn�kr� (4)

and yn(x) is the spherical Bessel function of the second
kind [34].

A formula that will be useful in what follows is the
Wronskian relationship [17]

jn�x� h�n�x� − j�n�x� hn�x� =
i

x2. (5)

Spherical harmonics form an orthonormal basis for any
function defined on a sphere [17],

f��, �� = �
n=0

�

�
m=−n

n

An
m Yn

m��, ��. (6)

The spherical harmonics are orthonormal,

�
0

2� �
0

�

Yn
m��, �� Yk

p��, ��* sin��� d� d� = �nk�mp (7)

where �nk is 0 for n � k and 1 for n = k. This allows the
coefficients in Eq. (6) to be found as

An
m = �

0

2� �
0

�

f��, �� Yn
m��, ��* sin��� d� d� (8)

which is the projection of Eq. (6) onto the (n, m)th spheri-
cal harmonic.

1.2 Plane and Spherical Wave Expansions
Two specific expansions will be required in the theory

that follows. The spherical harmonic expansion of a plane
wave arriving from incidence angles (�i, �i) is [17]

eiki.r = 4� �
n=0

�

in jn�kr��
m=−n

n

Yn
m��, �� Yn

m��i, �i�*. (9)

The spherical harmonic expansion of the wavefield due
to a point source with position (rs, �s, �s), and with r < rs,
is [17], [35]

G�r|rs� =
eik|r−rs|

4� |r − rs|

= ik �
n=0

�

jn�kr� hn�krs� �
m=−n

n

Yn
m��, �� Yn

m��s, �s�*.

(10)

We will follow the convention in [17] of assuming a
harmonic dependency exp(−i�t), so that the phase of Eq.
(10) corresponds to waves propagating outward from rs

(since as t increases |r − rs| must increase to maintain the
same phase).
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1.3 Kirchhoff–Helmholtz Description
The Kirchhoff–Helmholtz integral shows that the sound

pressure within an arbitrarily shaped volume of space may
be calculated from the pressure and normal velocity on its
surface [9], [12], [13], [17], [19]. For positions r within the
surface S, the pressure is given by

p�r� = �
S
� �G�r|rs�

�p�rs�

�n
− p�rs�

�

�n
�G�r|rs��� dS

(11)

where n denotes the outward facing normal to the surface,
and where G(r|rs) is the free-space Green’s function de-
fined in Eq. (10).

This shows that the sound field may be reproduced from
an infinite distribution of monopole sources excited by the
normal gradient of the pressure on the surface, and an
infinite distribution of dipole sources excited by the pres-
sure on the surface. In practice, since most loudspeakers
are monopoles at low frequencies, the dipole sources are
less practical to implement (requiring, for example, un-
baffled drivers). It has been shown in [9], [12], [13], [20]
that the monopole and dipole sources are not independent
and that in practice the dipole sources may be ignored.

For the case of a spherical volume the Kirchhoff–Helm-
holtz integral can be shown to be equivalent to the spheri-
cal harmonic expansion of the sound field. The expansion
for the Green’s function is given in Eq. (10), and the
pressure expansion is given in Eq. (1). For the spherical
case the normal derivatives become radial, and the radial
derivatives of the two expansions may be found easily.
Substituting these four expansions into Eq. (11) and em-
ploying the orthonormality of the spherical harmonics
yields

p�r, �, �, k� = −i�kR�2 �
n=0

�

�
m=−n

n

�jn�kR� h�n�kR�

− j�n�kR� hn�kR�� jn�kr� An
m�k� Yn

m��, ��
(12)

which, using the Wronskian expression [Eq. (5)] yields the
expansion in Eq. (1). This shows that the Kirchhoff–
Helmholtz integral is consistent with the spherical har-
monic expansion of the sound field. Similarities between
the Kirchhoff–Helmholtz and cylindrical expansions have
also been considered in [9], [12], [13].

2 3D SOUND FIELD RECORDING

The accurate recording of sound fields requires the syn-
thesis of higher directivities than are available from first-
order microphones. These directivities can be obtained
using microphone arrays. Array beamforming is a general
approach that filters each microphone signal and sums the
filter outputs to produce a desired polar response, and
which can be applied to a variety of microphone array
geometries [36]–[38]. Other methods have been proposed,
such as the use of multiple discrete microphones [39], the
combination of dipole responses [40], or single arrays with

multiple radii [41]. Here we consider three methods for the
direct computation of the spherical harmonic coefficients
[41]–[46].

2.1 Free-Field Sphere Decomposition
Multiplying both sides of Eq. (1) by Yl

q(�, �)* and in-
tegrating over the sphere [9], [43] yields

An
m�k�

=
1

jn�kr� �0

2� �
0

�

p�r, �, �, k� Yn
m��, ��* sin��� d� d�.

(13)

As in the 2D case [6], the zeros of jn(kr) produce equal-
ization problems. One approach to removing the problem
is to use first-order microphones facing radially outward
[6], [9]. The general form of a radial first-order response is

s	�r, �, �, k� = 	p�r, �, �, k� − �1 − 	� 
cvR�r, �, �, k�
(14)

where 	 is the first-order parameter, vR is the radial ve-
locity, and 
c is the impedance of free space. The spherical
harmonic expansion of the radial velocity may be obtained
from Euler’s equation [17] and Eq. (1). The first-order
response then has the spherical harmonic expansion

s	�r, �, �, k�

= �
n=0

�

�	jn�kr� − i�1 − 	� j�n�kr�� �
m=−n

n

An
m�k� Yn

m��, ��

(15)

and the spherical harmonic coefficients are [9]

An
m�k� =

1

	jn�kr� − i�1 − a� j�n�kr�

× �
0

2� �
0

�

s	�r, �, �, k� Yn
m��, ��* sin��� d� d�.

(16)

The zeros of jn(kr) no longer produce infinite equaliza-
tion responses. The responses produce minimum varia-
tions in magnitude with frequency for 	 � 0.5, as in the
2D case. The ideal 	 � 0.5 array response functions are
shown in Fig. 1 for n � 0, . . . , 3. They have a form
similar to those in [6] for the 2D case.

2.2 Solid Sphere Decomposition
An alternative method for finding the coefficients has

been introduced by Meyer and coworkers [44]–[46]. A
solid sphere containing flush mounted pressure micro-
phones also allows the coefficients to be found without the
risk of zeros in the response.

The scattering of sound around a sphere for a sound
field given in Eq. (1) is obtained by assuming that the
resultant field is the sum of the original field and a scat-
tered field that is radiating outward. The scattered field is
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therefore expressed as in Eq. (3). The coefficients Bn
m are

found by assuming that the sphere is solid and that the
total radial velocity equals zero at the surface, yielding a
total field [17]

pt�r, �,�, k�

= �
n=0

� �jn�kr� −
j�n�ka�

h�n �ka�
hn�kr�� �

m=−n

n

An
m�k� Yn

m��, ��

(17)

where a is the radius of the sphere. This is the sum of the
original wavefield without the sphere [Eq. (1)] and a scat-
tering field consisting of outgoing waves whose coeffi-
cients are modified by a ratio of spherical Bessel terms.
The sound field coefficients may be found from the pres-
sure at r � a,

An
m�k� =

1

jn�ka� − �j�n�ka��h�n�ka�� hn�ka�

× �
0

2� �
0

�

pt�a, �, �, k� Yn
m��, ��* sin��� d� d�.

(18)

The denominator in the fraction can, however, be sim-
plified using the Wronskian expression as follows:

jn�ka� −
j�n�ka�

h�n�ka�
hn�ka� =

1

h�n�ka�
�jn�ka� h�n�ka� − j�n�ka� hn�ka��

=
i

�ka�2

1

h�n�ka�
(19)

which yields

An
m�k� = −i�ka�2 h�n�ka�

× �
0

2��
0

�

pt�a, �, �, k� Yn
m��, ��* sin��� d� d�.

(20)

The required equalization responses are shown in Fig. 2.
They are smoother than the free-field responses in Fig. 1
at high frequencies. However, at low frequencies the free-
space responses for n > 0 increase with frequency with
order (n − 1), whereas the sphere responses rise with order
n. (These can be derived using the small argument limits
for the Bessel functions [17].) The free-space response
therefore requires less extreme low-frequency equalization
(that is, a greater low-frequency range for a finite maxi-
mum equalization gain), but requires the use of cardioid
microphones. In addition, diffraction around the micro-
phones will produce more complicated frequency re-
sponses than those shown in Fig. 1. The sphere responses
can use pressure microphones flush mounted in a sphere,
which will produce responses closer to the theoretical re-
sponses than the free-field array.

2.3 General Sampling Array
A more general approach to the preceding is to use a

sampling of the sound pressure field at M arbitrary posi-
tions. The field can be recreated at the same relative po-
sitions in a room using M loudspeakers if the matrix of
transfer functions from the loudspeakers to those positions
is known [28]. Alternatively the method can be applied to
the measurement of spherical harmonics [41]. Expressing

Fig. 1. Ideal free-field array responses for orders 0 to 3, 	 � 0.5, assuming a sufficient number of microphones to ensure that alias
effects lie above 20 kHz.
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the pressure at M positions p(rm, �m, �m) as in Eq. (1), the
vector of pressures p can be written

p = �A (21)

where A is the vector of K � (N + 1)2 spherical harmonic
coefficients to be determined and � is the matrix with
elements jn(krl) Yn

m(�l, �l). Typically M > K, the system is
overdetermined, and the vector of coefficients can then be
obtained as the regularized least-squares inverse of Eq.
(21) [41],

A = ��†� + �I�−1 �†p (22)

where � is a regularization parameter, I is the K × K
identity matrix, and † denotes the conjugate transpose.
When the sample points are at the same radius r0, then Eq.
(21) can be written

p = Y J A (23)

where Y is the matrix of spherical harmonic terms and J a
diagonal matrix with elements jn(kr0). If the positions are
those of a regular polyhedron and M � K, then � is a
unitary matrix and

A = J −1Y†p (24)

which is the discrete matrix form of Eq. (13). Hence the
general approach includes the open-sphere approach as a
special case. However, the use of multiple radii eliminates
the zeros that occur in the free-field spherical array re-
sponses. It can also accommodate directional element re-

sponses [41]. The design challenge for such arrays is de-
termining the geometry to produce a reasonable array
response for all spherical harmonics over the required fre-
quency range.

2.4 Sampling Requirements for Recording
Sound field recording using the ideal integrals in Eq.

(16) or (20) produces the exact spherical harmonic coef-
ficients. In practice recording is carried out using a finite
number of discrete microphones in some 3D array. The
sampling produces a response that is a sum of the desired
spherical harmonic and a number of higher order alias
harmonics, in a fashion similar to the 2D case [6], [9]. The
determination of the alias components is more difficult in
the 3D case because there is not a simple periodic inter-
pretation to the spherical harmonics as occurs in the 2D
case.

An important parameter for recording is the number of
spatial samples required to accurately record over a given
volume of space and bandwidth. For an arbitrary function
of 3D space, the sampling theorem suggests that the entire
volume must be sampled at at least two samples per wave-
length for the highest wavelength present. However, an
acoustic sound field is not an arbitrary function of space,
since it is constrained by the wave equation. The Kirch-
hoff–Helmholtz integral shows that the sound field within
a volume of space is completely determined by its pressure
and radial velocity on the surface of the volume. It will be
shown in Section 3.3 that the pressure alone is sufficient.
We therefore consider a volume of space enclosed by a
sphere of radius R, with a maximum frequency fmax and a
wavelength �min. If we sample the pressure on the surface

Fig. 2. Ideal sphere array responses for orders 0 to 3, assuming a sufficient number of microphones to ensure that alias effects lie above
20 kHz.
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of the sphere at the Nyquist rate �min/2, the number of
samples required is of the order

Nsamples = 16� �R

c
fmax�2

= 50.2 �R

c
fmax�2

(25)

which for a radius of 0.1 m requires 69 samples at fmax �
4 kHz and 278 samples at fmax � 8 kHz.

A more detailed approach is obtained using the spheri-
cal harmonic expansion in Eq. (1). From the previous sec-
tion, with (N + 1)2 samples, the spherical harmonic coef-
ficients up to order N may be found. This approximates the
sound field, and the error is the truncation error consisting
of all terms in Eq. (1) higher than order N. By determining
bounds on the envelope of jn(kr) the order N required to
accurately represent the field can be determined. This ap-
proach is followed in [47], [48] and produces a 3D “di-
mensionality” of

Nsamples = �e�R

�min
+ 1�2

≈ 75 �R

c
fmax�2

(26)

where e � 2.718, which is slightly larger than Eq. (25).
We also note that this is approximately

Nsamples ≈ �kmaxR + 1�2 ≈ 39.5 �R

c
fmax�2

(27)

where kmax is the maximum wavenumber in the sound
field.

3 3D SOUND FIELD REPRODUCTION

Several papers have considered the problem of recreat-
ing sound fields in anechoic environments using an array
of loudspeakers [2]–[15], [49], [50]. In [2]–[6], [49] the
creation of 2D plane wavefields is considered. In [50] the
creation of 3D plane wavefields is considered, and in
[9]–[14] the general 3D case is considered.

Many of these papers consider the synthesis of a sound
field by matching the spherical harmonic amplitudes of the
desired field with the sum of the spherical harmonic am-
plitudes produced by an ideal set of loudspeakers. In [50]
the creation of 3D plane waves using spherical sources is
considered and the loudspeaker weights are obtained using
least-squares methods. A similar approach is given in [9].
This approach will be reviewed here, and then an alterna-
tive will be described based on the simple source approach
[17]. The reconstruction error will be considered and ex-
amples given.

A limitation of the theory considered is that it does not
take into account the reverberant nature of rooms, which tends
to interfere with the direct sound field generated by the loud-
speakers. In [51] a method is presented for 2D reproduction
in reverberant rooms. It will be shown here that the spherical
harmonic approach can also be extended to 3D reproduc-
tion in reverberant rooms and with nonideal loudspeakers.

3.1 Sampling Requirements for Reproduction
A rule of thumb is given in [50] for the number of

loudspeakers L required to produce an accurate recon-
struction of a plane wave for a given radius and frequency,

L 
 ��kr� + 1�2 (28)

where �.� denotes rounding up to the nearest integer. This
has a similar form as the equations for the number of
samples for recording a sound field [Eqs (26) and (27)].
Hence, as might be expected, the sampling requirements
for recording and reproducing a sound field up to a given
order N are the same.

The radius of the head is about 87 mm [52], and the
number of loudspeakers required at this radius for frequen-
cies 1–16 kHz is shown in Table 1. The results for a larger
radius of 100 mm, which more easily allows some head
movement, are also given. The table shows that an accu-
rate construction of 3D fields is not practical across the
entire audio range. However, relatively large arrays of
around 100 loudspeakers would allow reconstruction for a
single listener up to 4 kHz, which would allow the major-
ity of the sound field energy to be reproduced accurately
and many of the directional cues to be recreated.

3.2 Mode-Matching Approach
We consider first the 3D equivalent of the Ambisonics

plane wave matching equation. We synthesise a plane
wave from arbitrary direction (�s, �s) using L plane wave
sources with amplitudes wl. This scenario is approximated
if the L loudspeakers in a surround sound system are at a
large distance from the listener. From Eq. (9) the synthe-
sized field is

p̂�r, �, �, k� = 4� �
n=0

�

in jn�kr� �
m=−n

n

Yn
m��, ��

× �
l=1

L

wl��s, �s� Yn
m��l, �l�* (29)

This must equal the plane wave expansion of the desired
plane wave arriving from direction (�s, �s). The resulting
matching equation for each n and m is

�
l=1

L

wl��s, �s� Yn
m��l, �l�* = Yn

m��s, �s�* (30)

This equation must be solved for the L weights wl(�s,
�s) for all spherical harmonics up to some order N. Since
the total number of spherical harmonics up to order N is
(N + 1)2, this requires (N + 1)2 
 L. The resulting wl(�s,
�s) then specify a set of low-frequency panning functions
for the lth loudspeaker. If the loudspeaker array is a 2D
ring, then only the sectoral harmonics m = n are required.
This equation then reduces to the Ambisonics azimuthal
mode-matching equation [3], [6].

Table 1. Required number of loudspeakers for reproduction
over spheres of different radii R.

Frequency (Hz) R � 87 mm R � 100 mm

1000 9 9
2000 25 25
4000 64 81
8000 196 256

16 000 729 961
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A more general approach is to assume that the L loud-
speakers generate spherical waves. To synthesize a plane
wave we equate the sum of L spherical waves [Eq. (10)] to
a plane wave from direction (�s, �s), yielding

�
l=1

L

wl��s, �s� Yn
m��l, �l�* =

in

ikhn�kR�
Yn

m��s, �s�*. (31)

This is equivalent to that in [50] apart from the phase of
the Green’s function [Eq. (10)] and a scale factor
exp(−ikr)/r. The weights are again obtained by solving the
set of equations for spherical harmonics up to order N.

If the source to be synthesized using spherical source
loudspeakers is a single spherical source, then the match-
ing equations become

�
l=1

L

wl�rs, �s, �s� Yn
m��l, �l�* =

hn�krs�

hn�kR�
Yn

m��s, �s�* (32)

which has been derived by Daniel and coworkers from the
perspective of compensating for near-field loudspeakers
and coding for source distance [9], [10]. The loudspeaker
weights obtained from this set of equations are now pan-
ning functions which vary with the source radius. When
the spherical source has the same radius as the loudspeak-
ers (rs � R), the panning functions reduce to the plane
wave functions in Eq. (30). This means that the panning
functions derived for idealized plane wave sources will
also be optimum for the creation of spherical sources at the
radius of the loudspeaker array.

For the general free-field case, the field due to spherical
source loudspeakers is equated to the general solution of
the wave equation in Eq. (1), yielding

�
l=1

L

wlYn
m��l, �l�* =

An
m�k�

ikhn�kR�
. (33)

The weights wl can no longer be interpreted as panning
functions since they provide reproduction of multiple
sources.

Eq. (33) may be written in matrix notation for all spheri-
cal harmonics up to order N as [9]

�w = d (34)

where the elements of the (N + 1)2 × L “mode” matrix �
are

�v,l = Yn
m��l, �l�* (35)

for v � n2 + n + m + 1 for all values of n and m up to the
maximum order N, and where d is the vector with elements

dv =
An

m�k�

ikhn�kR�
. (36)

d can be written d � H−1 A, where H is the diagonal matrix,

H

=�
ikh0�kR� 0 0 0 … 0

0 ikh1(kR)

0 ikh1(kR)

0 ikh1(kR)

… …

0 ikhN�kR�

�
(37)

and A is the vector of spherical harmonic coefficients.
Note that the nth Hankel function appears in H 2n + 1
times.

If the number of modes to be matched is less than the
number of loudspeakers, (N + 1)2 < L, then the system of
mode-matching equations is under-determined and there
are an infinite number of solutions. The weights with the
minimum energy are obtained by minimizing the weight
energy with the constraint Eq. (34), which yields [9], [50]

ŵ � �† ���†�−1 H−1A. (38)

If (N + 1)2 � L, then the weights can be found from the
inverse

ŵ � �−1 H−1 A. (39)

Finally, if the number of modes exceeds the number of
loudspeakers, (N + 1)2 > L, then there is no exact solution.
Typically, the solution with the minimum least-squared
error is derived. However, this solution can produce large
weight magnitudes. The weight energy can be controlled
by regularization, where a penalty function is added to the
minimization. Using the energy in the weights w†w as the
penalty function controls the total power fed to the loud-
speakers. The regularized solution is then obtained by
minimizing

ŵ = minw���w − d�2 + �w†w	 (40)

where � is the regularization control parameter. The solu-
tion is

ŵ � ��†� + �I�−1 �†H�1 A (41)

where I is the L × L identity matrix. The robustness of the
solution depends on the eigenvalues of ��†, which are
the squared singular values of �. The regularization pa-
rameter may therefore be usefully specified as a scalar b
times the minimum singular value in �.

In practice it was found that the lowest error solutions
were produced when (N + 1)2 � L. In this case all three
solutions mentioned [with � � 0 in Eq. (41)] are identical.
However, the inverse is sensitive to the existence of small
eigenvalues of �. The regularized solution in Eq. (41)
allowed the error to be controlled in a useful way, and was
therefore used in the examples that follow.

3.3 Simple Source Approach
An alternative to the mode-matching approach will now

be derived which does not require the calculation of in-
verse matrices.
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It is shown in [17] that the Kirchhoff–Helmholtz inte-
gral is not the only way of recreating the sound field, and
that either the pressure or the velocity on the surface is
required, but not both. (This is also shown in the context
of wave field synthesis in [9], [12], [13].) Williams shows
that there are two approaches to simplying Eq. (11). One
method is to employ a different Green’s function from the
free-space function used in Eq. (10), that is, one whose
value on the surface S is zero (Dirichlet Green’s function)
or one whose normal derivative is zero (Neumann Green’s
function). This eliminates one of the two terms in Eq. (11).
However, this approach requires sound sources that are
impractical to produce.

The other method is to assume a simple monopole dis-
tribution and derive the excitation signals required to re-
create the sound field, that is, it is assumed that the sound
field can be reconstructed as

p�r, �, �, k� = ��
S

��rs�
eik|r−rs|

4� |r − rs|
dS. (42)

The required distribution �(rs) is obtained from the
equivalent interior and exterior problems and by requiring
that they produce the same pressure on the surface S [17].
Here we develop the simple source solution for the case of
a spherical source distribution in an intuitive manner, and
leave the proof to Appendix 1.

The spherical harmonic expansion of a monopole
source is given in Eq. (10). Assume a reproduction system
consisting of a continuous spherical distribution of mono-
pole sources at radius R. Suppose that the monopole
source amplitude at the position (�s, �s) is given by the
spherical harmonic amplitude at that position Ym

n (�s, �s).
The resulting field is the integration of all sources over the
sphere. Substituting the expansion of the Green’s function
from Eq. (10) and using the orthogonality of the spherical
harmonics, the resulting field is

�
0

2�

�
0

�
eik|r−rs|

4� |r − rs|
Yn

m��s, �s� R2 sin��s� d�s d�s

= ikR2 jn�kr� hn�kR� Yn
m��, ��. (43)

This contains the functions in one term of the expansion
of the sound field [Eq. (1)] modified by a scaled Hankel
function. Hence scaling the spherical harmonic amplitude
by Am

n (k) and dividing by ikR2hn(kR) produces one term in
the expansion of the sound field [Eq. (1)],

�
0

2�

�
0

�
eik|r−rs|

4� |r − rs|
An

m�k� Yn
m��s, �s�

ikR2hn �kR�
R2 sin��s� d�s d�s

= An
m�k� jn�kr� Yn

m��, ��. (44)

This suggests that the sound field may be reconstructed as

p�r, �, �, k�

= �
0

2�

�
0

�
eik|r−rs|

4� |r − rs|��n=0

�

�
m=−n

n An
m�k�

ikR2hn�kR�
Yn

m��s, �s��
× R2 sin��s� d�s d�s. (45)

The term in brackets is the required monopole source
amplitude at the angles (�s, �s). Appendix 1 shows that
this is the simple source solution.

In practice the integral is replaced by a summation over
L loudspeakers, and the lth weighting is given by the trun-
cated series

wl =
gl

ik �n=0

N

�
m=−n

n An
m�k�

hn�kR�
Yn

m��l, �l� (46)

where gl is a weighting term that arises from the finite sum
approximation to the integral. This equation describes the
encoding matrix for taking measured sound field coeffi-
cients Am

n (k) and producing the loudspeaker signals for a
given loudspeaker geometry. Sets of angles and weighting
functions (for radius 1) and various L are given at [53].

Eq. (46) can be written in matrix notation,

w = G�†H−1A (47)

where G is the diagonal matrix of weights gl. This is
similar to the mode-match solution in Eqs. (39) and (41).
In particular if L � (N + 1)2, G � I, and the mode matrix
is unitary, �† � �−1, then the mode-match solution Eq.
(39) and simple source solutions are identical.

Daniel has shown that the transpose may be used when
the loudspeaker geometry is regular [9], [11]. This occurs
in equiangle 2D layouts. For the 3D case regular layouts
based on polyhedra produce equal weights gl, but � is
only approximately unitary, and so the mode-matching
solution cannot be simplified. The simple source formu-
lation shows that even when the mode matrix is not uni-
tary, the solution in Eq. (47) is valid, but not in the least-
squares mode-matching sense.

The performance of the simple source solution may be
controlled by applying a window function �m

n (k) to the
spherical harmonics. This is the 3D equivalent of the win-
dowing of the 2D Ambisonics signals [6], [9], [11], [15].
The weights are in this case given by

wl =
gl

ik �n=0

N

�
m=−n

n An
m�k�

hn�kR�
�n

m Yn
m��l, �l� (48)

which can be written in matrix form,

w = G�†�H−1A (49)

where � is the diagonal matrix of window elements. A
simple form of window is

�n
m = W1�n� W2�m�, n = 0:N, m = −N:N (50)

where W1 is a one-sided window and W2 is a length 2N +
1 symmetrical window. In the examples that follow an
exponential window in n with control parameter � W1(n)
� exp(− �n/N), and a Kaiser window in m will be used.
An important requirement of any 2D window function is
that it be equal to one for small n and m. This ensures that
the simple source solution remains exact at the center of
the loudspeaker array.
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3.4 Error Performance
The performance of the mode-matching and simple

source approaches can be quantified analytically assuming
ideal spherical loudspeaker sources and an anechoic envi-
ronment by determining the normalized radial error [50]

�̄�r, k� =
�

0

2��
0

�

|p�r, �, �, k� − p̂�r, �, �, k�|2 sin��� d� d�

�
0

2��
0

�

|p�r, �, �, k�|2sin��� d� d�

(51)

where p̂(r, �, �, k) is the field approximated by the repro-
duction system. This form can be calculated relatively
easily using spherical harmonic expansion formulas (Ap-
pendix 2).

There are two normalized radial errors of interest. The
first is the theoretical truncation error caused by the trun-
cation of the spherical source expansion in Eq. (10) to a
maximum n � N. This ignores the aliasing caused by
having a finite number of loudspeakers. The truncation
error therefore represents a lower bound on the reproduced
error. For a spherical source the normalized truncation
error is

�̄T�r, k� = 1 −
�
n=0

N

�2n + 1� jn
2�kr� |hn�krs�|

2

�
n=0

�

�2n + 1� jn
2�kr� |hn�krs�|

2

. (52)

This is the spherical source equivalent of the plane wave
truncation error in [50].

The truncation errors are shown in Fig. 3 for a source
radius of 2.5 m for maximum orders up to 18 (requiring a
minimum of 361 loudspeakers). The truncation errors for
larger source radii are very similar, and the spherical errors
are also very similar to those for the plane wave case given
in [50]. The rule-of-thumb value of 4% (−14 dB) for an
order equal to kr given in [50] is confirmed for spherical
sources.

The second error of interest is the actual reproduced
field error for a given source position (Rs, �s, �s) and set
of loudspeaker weights. This error includes both the trun-
cation error and the aliasing error caused by the finite
number of loudspeakers used. It is given by

��F�r, k� = 4���
n=0

�

�
m=−n

n

jn
2�kr� |hn�kR� �

l=0

�

wlYn
m��l, �l�*

− hn�krs� Yn
m��s, �s�*|2�

×��
n=0

�

�2n + 1� jn
2�kr�|hn�krs�|

2�−1. (53)

Fig. 4 shows the mode-matching and simple source field
errors for a 100-loudspeaker layout with a loudspeaker
radius of 2 m and a source position of 2.5 m, azimuth 0°,
and elevation 90°. The maximum spherical harmonic order
used is 9. The truncation error is also shown for reference.

Without regularization, the mode-matching error tends
to zero for small kr. This occurs because the expansion in
Eq. (1) requires only a small number of terms for small kr.
The mode-matching solution thus becomes exact when the
required order in Eq. (1) reduces below the order of the
mode-matching equations. As kr increases, the required

Fig. 3. Average truncation error for spherical source at 2.5-m radius.
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order exceeds the order of the mode-matching equations,
and the mode-matching field error increases rapidly. With
a regularization parameter of b � 2 the mode-matching
error increases to a constant value at small kr, but the error
is not as large at large kr as for the unregularized solution.

The unwindowed simple source field error is greater
than the unregularized mode-matching error at small kr
because it does not attempt to minimize the error as the
mode-matching solution does. However, the simple source
error is lower than the unregularized mode-matching error
at large kr. Regularization reduces the mode-matching er-
ror to slightly below the simple source error at large kr.
However, with windowing the simple source error at large
kr is lower than the regularized mode-matching solution.
The mode-matching error could be further reduced by us-
ing a higher regularization value with a further reduction
in accuracy at small kr. It is clear that a variety of trade-off
solutions are possible for either method. However, the
simple source solution appears to offer an effective alter-
native to the least-squares approach, and has the advantage
that the error remains small at low kr.

3.5 Examples
We now consider some specific examples to demon-

strate the performance of the mode-matching and simple
source methods in an anechoic environment. We use a
100-loudspeaker spherical array of monopoles at a radius
of 2 m. The maximum spherical harmonic order with this
number is N � 9. To simplify the visualization of the 3D
fields, we plot the field in the plane z � 0.

Consider the field due to a 500-Hz spherical source at
(x, y, z) � (2.5, 0, 0). Figs. 5–7 show the results obtained

using the mode-matching method without regularization.
The pressure is shown in Fig. 5. (The pressure magnitude
has been limited to a maximum of 0.5 to allow the wave-
fronts to be seen more easily.) The field is approximately
correct up to a radius of 1 m and demonstrates interference
effects outside this radius. The relative error shown in Fig.
6 has a peak of more than 5. (For clarity the error has been
plotted out to 1.8 m to avoid larger peaks near individual
loudspeakers.) The magnitudes of the weights plotted as a
function of azimuth are shown in Fig. 7. These are maxi-
mum near the angle of incidence, but there are also rela-
tively large values for loudspeakers far from this angle.
The field plotted on the x axis is also shown in Fig. 7,
which allows a closer comparison with the ideal field. The
match is good for |x| < 0.6 m.

The equivalent results using the unwindowed simple
source approach are shown in Figs. 8–10. The field in Fig.
8 has less interference than the mode-matching field, and
the error in Fig. 9 is smaller than that in Fig. 6. The simple
source weight magnitudes in Fig. 10 are smaller at angles
away from the angle of incidence, which explains the re-
duced interference effects in the field of Fig. 8. The x-axis
field is slightly smaller in error than in Fig. 7.

Figs. 11 and 12 show the mode-matching field for the
same source position, but with a regularization parameter
of b � 2. The field is less accurate near the origin, but the
error is reduced at large radii, as expected. The loud-
speaker weights are reduced at angles far from the angle of
incidence, which reduces interference effects in the field.

Figs. 13 and 14 show the simple source result with a
windowing function with exponential parameter of 0.5 and
Kaiser parameter of 1.5. The field is more accurate than

Fig. 4. Simple source (*), windowed simple source (×), mode-matching error (�), and regularized mode-matching (�) error for
100-loudspeaker array at 2-m radius, source at 2.5 m. . . . Truncation error.
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the regularized mode-matching field near the origin, and
has a smoother and lower error than the regularized mode-
matching form in Fig. 12. The weights in Fig. 14 are also
reduced in relation to the peak at large azimuth angles,
compared to Fig. 10.

Fig. 15 shows the field for a 4-kHz sperhical source at
the same position. The field is accurate to about 0.1 m,

which shows that a field in the region of a single listener
can be produced using 100 loudspeakers, consistent with
Table 1.

The field in the (x, z) plane is shown in Fig. 16 for a
4-kHz source at an elevation of 45° and a 5-m radius to
demonstrate that wavefronts can be produced at orienta-
tions other than perpendicular to the (x, y) plane.

Fig. 5. Mode-matching field for 500-Hz source at 2.5 m, without regularization, using 100 loudspeakers.

Fig. 6. Mode-matching error for 500-Hz source at 2.5 m without regularization, using 100 loudspeakers.
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Finally it has been demonstrated in [9], [23], [24] that
both WFS and Ambisonics can create point sound sources
inside the loudspeaker array. The creation of source posi-
tions close to the origin is an ill-posed problem, producing

small singular values in the mode matrix. This produces
large loudspeaker amplitudes in the mode-matching solu-
tion. The simple source solution maintains lower ampli-
tudes and less accuracy than the mode-matching solution.

Fig. 7. (a) Mode-matching weights for 500-Hz source at 2.5 m without regularization, using 100 loudspeakers. (b) Field on x axis.

Fig. 8. Simple source field for 500-Hz source at 2.5 m without windowing, using 100 loudspeakers.
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However, the large amplitudes produced by the mode-
matching solution would be limited by power amplifiers
and loudspeaker dissipations, and so larger regularization
is required in practice. Fig. 17 shows the simple source field
generated for a point source at a radius of 1.2 m, using a

256-loudspeaker arrray at a 2-m radius, which allows spheri-
cal harmonics up to order 15 (the same order used for the 2D
results in [9]). The same window parameters were used as
before. The mode-matching solution producing a similar
response required a large regularization factor of b � 300.

Fig. 9. Simple source error for 500-Hz source at 2.5 m without windowing, using 100 loudspeakers.

Fig. 10. (a) Simple source weights for 500-Hz source at 2.5 m without windowing, using 100 loudspeakers. (b) Field on x axis.
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3.6 Extension to Reproduction in
Reverberant Spaces

The mode-matching and simple source solutions de-
rived in the preceding are applicable in free-field (anecho-

ic) environments, or at least in rooms that are sufficiently
damped so that reflections of the loudspeaker signals from
the room surfaces do not affect the direct sound field gen-
erated by the loudspeakers significantly. For many listen-
ing rooms this requirement will not be met. Furthermore

Fig. 11. Mode-matching error for 500-Hz source at 2.5 m with regularization parameter 2, using 100 loudspeakers (compare with Fig. 6).

Fig. 12. (a) Mode-matching weights for 500-Hz source at 2.5 m with regularization parameter 2, using 100 loudspeakers. (b) Field on
x axis (compare with Fig. 7).
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the loudspeaker array may not be perfectly spherical, and
the loudspeakers will not produce spherical waves at high
frequencies. All of these conditions may be taken into
account by extending the mode-matching solution to in-

clude the loudspeaker and room properties. This approach
follows the 2D case discussed in [51].

Assume that there are L loudspeakers at arbitrary
positions in a reverberant room. At each frequency at

Fig. 13. Simple source error for 500-Hz source at 2.5 m with exponential window parameter 0.5 and Kaiser parameter 1.5.

Fig. 14. (a) Simple source weights for 500-Hz source at 2.5 m with exponential window parameter 0.5 and Kaiser parameter 1.5, using
100 loudspeakers. (b) Field on x axis.
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the listening position the lth loudspeaker produces a field
in the region of the listening position (defined as the
origin),

pl�r, �, �, k� = �
n=0

�

�
m=−n

n

jn�kr� Qn,l
m �k� Yn

m��, ��. (54)

The field coefficients Qm
m,l(k) may be measured by one

of the methods described in Section 2.
To reproduce a desired sound field with measured co-

efficients An
m(k) we apply a frequency-dependent ampli-

tude weighting to each loudspeaker signal and require that
the sum of the sound fields due to all L loudspeakers equal

Fig. 15. Simple source field for 4-kHz source at 2.5 m without windowing.

Fig. 16. Simple source field for 4-kHz source at 5 m, elevation 45°, azimuth 0°, without windowing.
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the spherical harmonic decomposition of the desired field.
This produces, for each term in the expansion,

�
l=1

L

wl�k� Qn,l
m �k� = An

m�k�. (55)

Writing this equation for each l as a vector,

Q�k� w�k� = A�k� (56)

where Q(k) is an (N + 1)2 × L matrix with entries Qm
n,l(k).

The loudspeaker weights may then be found as discussed
in Section 3.2, depending on whether the number of loud-
speakers L is less than or greater than the number of
spherical harmonics. For example, for L < (N + 1)2 the
regularized least-squares solution is

ŵ�k� = �Q†�k� Q�k� + �I�−1 Q†�k� A�k� (57)

where I is the L × L identity matrix. As an example we
consider a spherical array of 100 ideal point source loud-
speakers at a radius of 2 m (as in Section 3.5), in a rect-
angular room of dimensions 10 by 13 by 19 m. The sound
field in the room is approximated by the spherical waves
produced by every loudspeaker and Nm mirror sources
[51], and so each entry of the mode matrix has the form

Qn,l
m �k� = ik �

q=1

Nm

aq,l hn�krq,l� Yn
m��q,l, �q,l�* (58)

where the qth mirror source is at (rq,l, �q,l, �q,l) and aq,l is
the amplitude, derived from the wall absorption coefficient
and distance. With a reverberation time of 0.5 s the wall

absorption coefficient is 0.5, and using all mirror sources
up to 8th order produced an impulse response with Nm �
4913 reflections and an impulse response length greater
than 0.5 s, which is sufficient to approximate the rever-
berant field. The desired field is a single point source of
radius 2.5 m along the x axis. The field produced using the
mode-matched weights for the free-field case [Eq. (41)] is
shown in Fig. 18 and the error in Fig. 19 (compare with
Figs. 5 and 6). The ideal field is somewhat corrupted by
the room reflections. This error would be larger in a
smaller room where the mirror sources would be closer
and produce larger pressures. Since the precedence effect
may reduce the subjective effect of later reflections, the
subjective significance of this interference as a function of
room geometry and acoustics would require further study.

The field produced using Eq. (57) with no regularization
(� � 0) is shown in Fig. 20. The ideal field is now pro-
duced in the center of the array, and the field error is
slightly greater than the free-field error in Fig. 5 at greater
distances from the origin.

4 CONCLUSIONS

This paper has provided a review and further develop-
ment of the continuous 3D theory of sound recording and
reproduction based on the spherical harmonic expansion
of the sound field. Spherical harmonics are well suited to
describing sound reproduction over a localized volume of
space and have application to other forms of localized
sound reproduction such as virtual acoustics [54].

Three methods of recording 3D sound fields have been
briefly reviewed. Spherical arrays of free-space directional

Fig. 17. Simple source field for point source at 1.2 m, on x axis, with exponential window parameter 0.5 and Kaiser parameter 1.5,
using 256 loudspeakers.
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microphones or sphere-mounted pressure microphones
have been discussed. It has been shown that the free-field
array mode responses are simpler to equalize than those of
the solid sphere at low frequencies and that the sphere
mode responses have a simplified form in terms of the

derivative of a Hankel function. A general array method
has also been discussed which allows the spherical har-
monic coefficients to be determined using a pseudo in-
verse. A design issue for these arrays is the optimization of
the microphone positions.

Fig. 18. Free-field mode-matching field for 500-Hz source at 2.5 m without regularization, using 100 loudspeakers at 2-m radius in
a rectangular room of dimensions 10 by 13 by 19 m.

Fig. 19. Free-field mode-matching error for 500-Hz source at 2.5 m without regularization, using 100 loudspeakers, in a rectangular
room of dimensions 10 by 13 by 19 m.
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The sampling requirements for recording and reproduc-
ing 3D fields has been discussed briefly, and it has been
shown that the number of transducers required for each
process is similar.

Two approaches to sound reproduction in anechoic (or
low-reverberance) environments have been presented. The
mode-matching approach has been summarized, and the
use of one form of regularization for controlling the loud-
speaker amplitudes has been discussed. An alternative
simple source approach has been derived which validates
the use of the transpose of the mode matrix even if the
loudspeaker array is not regular or if the mode matrix is
nonunitary. The reconstruction error is lower than the
mode-matching error wihout regularization, and window-
ing can be used to further control the error at high fre-
quencies. Furthermore with appropriate windowing the er-
ror still tends to zero at the center of the array. The simple
source approach also confirms that sound fields can be
reconstructed without requiring dipole sources. It is pos-
sible that the regularized mode-matching approach can
maintain accuracy at the origin using a different form of
regularization, but this has not been investigated here.

It has also been shown that the mode-matching solution
can be extended to the reproduction of sound fields in
reverberant rooms and using more general loudspeaker
arrays. The performance of the technique in a range of
reverberant environments and its practical application re-
main future topics of research.

Key issues for 3D surround systems are the large data
storage requirements and the complexity of the reproduction
system. If calibration is required for reverberant spaces, then
microphone arrays capable of measuring high-order spheri-
cal harmonics in the listening room are also required.

The storage requirements can be reduced by using a
structured audio approach such as MPEG-4, in which
sound sources are directly recorded and compressed and
information on position and room environment is included
[55]. Exact recording of the original sound field would not
be required, but the reproduction system described here
could be used to synthesize the required sound sources and
room acoustics. Alternatively, the use of multichannel
lossless coding [56], [57] and new high-capacity DVD
recording media could allow the storage of a large number
of channels to retain full recording and reproduction of
holographic sound fields.

The reproduction system requires a number of loud-
speakers, which rises quadratically with the reproduction
frequency. The cost may be reduced by using a small
number of woofers and a larger number of tweeters, and
the tweeters could be flat panel transducers, which may be
able to be incorporated into wall coverings.
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APPENDIX 1
PROOF OF SIMPLE SOURCE FORMULA

It is shown in [17] that a sound field may be recon-
structed using monopole sources as

p�r, �, �, k� = ��
S

��rs, k�
eik|r−rs|

4�|r−rs|
dS (59)

and that the simple source distribution �(rs) solution is
given by

��rs, k� =
�po�r, k�

�n
−

�pi�r, k�

�n
(60)

where po(r) is the exterior field produced by a source
distribution confined within the surface S, and pi(r) is the
interior field produced by a source distribution outside the
surface, with the condition that the two fields be equal on
the surface.

Since pi(r) is an interior field it has the expansion

pi�r, �, �, k� = �
n=0

�

�
m=−n

n

An
m�k� jn�kr� Yn

m��, �,�. (61)

Similarly the exterior field has the expansion

po�r, �, �, k� = �
n=0

�

�
m=−n

n

Bn
m�k� hn�kr� Yn

m��, ��. (62)
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Assuming a spherical surface of radius R and equating the
two expansions yields

Bn
m�k� =

jn�kR�

hn�kR�
An

m�k�. (63)

Taking the radial derivative of Eqs. (61) and (62) and
substituting Eq. (63) yields from Eq. (60) (noting that the
normal n faces inwards),

��R, �s, �s, k� = −k �
n=0

�

�
m=−n

n An
m�k�

hn�kR� �jn�kR� h�n�kR�

− j�n�kR� hn�kR�� Yn
m��s, �s�. (64)

The term in brackets is a Wronskian expression, which
is equal to i/(kR)2. Hence,

��R, �s, �s, k� = �
n=0

�

�
m=−n

n An
m�k�

ikR2hn�kR�
Yn

m��s, �s�. (65)

APPENDIX 2
CALCULATION OF RADIAL ERRORS FOR A
SPHERICAL POINT SOURCE

A2.1 Average Squared Radial Pressure
The sound pressure due to a spherical source has the

expansion in Eq. (10). The squared pressure required in
Eq. (51) is

|p�r, �, �, k�|2

= k2 �
n=0

�

�
m=−n

n

�
l=0

�

�
q=−l

l

jn�kr� jl�kr� hn�krs� hl�krs�

× Yn
m��, �� Yl

q��, ��* Yn
m��s, �s�* Yl

q��, ��. (66)

Integrating over all angles, the orthogonality of the spheri-
cal harmonics produces

�
0

2� �
0

�

|p�r, �, �, k�|2 sin��� d� d� = k2 �
n=0

�

�
m=−n

n

jn
2�kr�

× |hn�krs�|
2|Yn

m��s, �s�|
2. (67)

The summation in m is, from the addition theorem [35],

�
m=−n

n

|Yn
m��,��|2 =

2n + 1

4�
(68)

and so the average squared pressure is

|p�r, k�|2 = �
0

2� �
0

�

|p�r, �, �, k�|2 sin��� d� d�

=
k2

4� �
n=0

�

�2n + 1� jn
2�kr�|hn�krs�|

2. (69)

A2.2 Truncation Error

From Eq. (10) the truncation error for a spherical source is

�T�r, �, �, k�

= p�r, �, �, k� − pN�r, �, �, k�

= ik �
n=N+1

�

jn�kr� hn�krs� �
m=−n

n

Yn
m��, �� Yn

m��s, �s�*. (70)

Integrating the squared error and employing the or-
thogonality of the spherical harmonics and Eq. (68) yields

��r, k� =
k2

4� �
n=N+1

�

�2n + 1� jn
2�kr�|hn�krs�|

2 (71)

which is of the same form as Eq. (69) but over the reduced
summation range N + 1 to infinity. Hence the normalized
squared truncation error is

�̄T�r, k� =
�

n=N+1

�

�2n + 1� jn
2�kr�|hn�krs�|

2

�
n=0
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2
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2
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2

. (72)

A2.3 Reproduced Field Error
The error in the reproduced field is given by the differ-

ence between the field produced by the L loudspeakers
with weights w and the ideal spherical source field,

�F�r, �, �, k� =��
l=1

L

wl

eik|r−rl|

4�|r − rl|� −
eik|r−rs|

4�|r − rs|
. (73)

Substituting the spherical harmonic expansions of these
two fields, the error can be expressed as

�F�r, �, �, k�

= ik �
n=0

�

�
m=−n

n

jn�kr� Yn
m��, ���hn�kR� �

l=1

L

wlYn
m��l, �l�*

− hn�krs� Yn
m��s, �s�*�. (74)

The squared magnitude averaged over all angles is, fol-
lowing the same method as before,

�F�r, k� = k2 �
n=0

�

�
m=−n

n

jn
2�kr�|hn�kR�

× �
l=1

L

wlYn
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2 (75)

and so the normalized field error is

�̄F�r, k� = 4���
n=0

�

�
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n
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2�kr�|hn�kR� �

l=1

L

wlYn
m��l, �l�*

− hn�krs� Yn
m��s, �s�*|2�

×��
n=0

�

�2n + 1�jn
2�kr�|hn�krs�|

2�−1. (76)

The biography of M. A. Poletti was published in the 2005 May
issue of the Journal.
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